We propose that the expectation value of a circular BPS-Wilson loop in N = 4 SUSYM can be calculated exactly, to all orders in a 1/N expansion and to all orders in g 2 N . Using the AdS/CFT duality, this result yields a prediction of the value of the string amplitude with a circular boundary to all orders in α ′ and to all orders in g s . We then compare this result with string theory. We find that the gauge theory calculation, for large g 2 N and to all orders in the 1/N 2 expansion does agree with the leading string theory calculation, to all orders in g s and to lowest order in α ′ . We also find a relation between the expectation value of any closed smooth Wilson loop and the loop related to it by an inversion that takes a point along the loop to infinity, and compare this result, again successfully, with string theory.
Introduction
There have been many tests of the conjectured duality of N = 4 supersymmetric Yang-Mills theory (SUSYM) with type IIB string theory in AdS 5 × S 5 background. However, since the duality relates gauge theory with coupling g 2 and gauge group of rank N to type IIB string theory in an AdS background with radius R 2 = √ g 2 Nα ′ and string coupling 4πg s = g 2 , the only precise tests have been of quantities so protected by supersymmetry that they receive no perturbative or non-perturbative corrections. It is easy to calculate quantities in the gauge theory for weak coupling-but these yield predictions for string theory in a very curved background, where there do not yet exist methods of computation. Conversely, it is easy to to calculate quantities in the string theory for weak coupling (large N) and large curvature (or small α ′ ) -but these yield predictions for the gauge theory for large N and large g 2 N, for which there are no reliable methods of computation. In neither case, so far, is there a prediction on either side that holds for all N and g 2 .
We will suggest, in this paper, that the expectation value of a circular BPS-Wilson loop in N = 4 (SUSYM) can be calculated exactly, to all orders in a 1/N expansion and to all orders in g 2 N. This then yields a prediction of the value of the string amplitude with a circular boundary to all orders in α ′ and to all orders in g s . We then compare this result with string theory. We find that the gauge theory calculation, for large g 2 N and to all orders in the 1/N 2 expansion does agree with the leading string theory calculation, to all orders in g s and to lowest order in α ′ .
Our result is an extension of a beautiful paper [1] , in which Erickson, Semenoff and Zarembo calculated the contributions of rainbow graphs to the expectation value of a circular Wilson loop in N = 4 supersymmetric gauge theory. The result they found was that:
where λ = g 2 N is the 't Hooft coupling and I 1 is a Bessel function. For large λ (1.1) behaves as
2)
The expectation value of Wilson loops can also be calculated using the Maldacena conjecture [2, 3, 4] , and for the circular Wilson loop one finds, to leading order in large λ, that [5, 6] 
in agreement with (1.2).
The authors of [1] conjectured that the rainbow graphs gave the exact large N behavior of the circular Wilson loop and gave some evidence (a 2 loop calculation) to this effect. We will outline a proof that the result, (1.1), is indeed exact to all orders in g 2 N for N = ∞. We will also generalize this result to all orders in the 1/N 2 expansion.
How are we able to perform an exact calculation in strongly coupled gauge theory? The reason turns out to be that the circular Wilson loop is totally determined by an anomaly, a conformal anomaly. As in other cases one is able to calculate the anomaly exactly to all orders in the coupling.
To see this recall that the Wilson loop under discussion is the appropriate supersymmetric Wilson loop
where A µ and Φ i are the gauge fields and the scalars that couple to x µ (t), parameterizing the circle and to θ i which is chosen to be some constant unit vector in R 6 . This special Wilson loop is locally supersymmetric. If the contour (x µ (t)) is a straight line then the Wilson line is globally a BPS object whose expectation value is precisely one. A straight line and a circle are related by a conformal transformation. This fact was used by [5] to find the minimal surface ending along a circle. If the expectation value of a Wilson loop was truly invariant under all conformal transformations then the expectation value of a circular loop would also be one. However, this is not the case. We will show that there are quantum anomalies when one performs the type of global conformal transformations necessary to turn a straight line into a circle. These anomalies are responsible for the very non-trivial g 2 N and 1/N behavior of the circular loop, and as often is the case with anomalies, can be calculated exactly.
Accepting for the moment the result of (1.1) (for N = ∞), we see that acting on a straight line with a special conformal transformation that changes it to a circle changes its expectation value by a factor of:
Since this factor arises from an anomaly, we will be able to argue that this phenomenon is much more general-the same happens for a general Wilson loop. That is
where W is any closed smooth Wilson loop andW is the loop related to it by a special conformal transformation that takes a point along W to infinity. Even more, we will generalize this result to all orders in the 1/N 2 expansion.
The fact that the expectation value of circular Wilson loops and straight line Wilson loops (or more generally closed and open loops related by conformal transformations) are different should not be a surprise. Large conformal transformations, such as an inversion 6) are not symmetries of R 4 , since they exchange the point at infinity with a point at a finite distance. They are a symmetry of the theory on S 4 , which includes the point at infinity. On the sphere there is no distinction between a circle and a line, and the expectation value of either is the same as for a circle on R 4 .
There clearly could be a problem with the invariance under global conformal transformations. For example, a conformal transformation of a correlator of n local operators could take one of the points to infinity, and turn it into the correlator of n−1 operators. Here we are seeing an analogous statement for Wilson loops, by transforming the circle to the line, one point along the loop is taken to infinity. As such, one might guess that the difference between the line and the circle is the contribution of the fields at a single point. In fact the authors of [1] pointed out that (1.1) is equal to the Wilson loop of the large N Hermitean matrix model
and one could associate the field M with the fluctuations of the fields at the point at infinity.
We will demonstrate how equation (1.5), and its finite N generalization, can be proven in Section 2. The idea for the proof is the following. Under a conformal transformation the gluon propagator is modified by a total derivative. This is analogous to a gauge transformation, and naively does not affect the gauge invariant loop. However the gauge transformation is singular at the point that is taken to infinity. While the perturbative expansion is naively invariant under gauge transformations, we find that this invariance breaks down at the singular point. By calculating the contribution from the singularities we are able to show that it is given by a matrix model. We did not complete the proof that the matrix model is quadratic, but there are many indications that it indeed is. Under that assumption we are able to evaluate the expectation value to all orders in perturbation theory. For large N we will recover (1.5), but our result yields an exact relation for any λ and any N. In the case of a circular loop we derive an exact expression for W .
In Section 3 we compare our results with the dual string theory. We find that at the classical level the minimal area calculation shows the same universal behavior under a conformal transformation. In the case of the circular loop, where we are able to calculate in the gauge theory exactly, we argue that order by order in string perturbation theory, the leading contribution for small α ′ -agrees with the gauge theory predictions. We also show That the agreement extends to large coupling where, after an S-duality transformation, it is given by a D1-brane.
In Section 4 we generalize the calculation to more general observables in the matrix model. Those correspond to Wilson loops wound multiple times around the circle.
The Appendices contain the details of the explicit evaluation of the matrix model that yields the precise form of our results.
The Gauge Theory Calculation
We shall explore the invariance of the Wilson loop under large conformal transformations order by order in perturbation theory.
We expand the expectation value of the Wilson loop around some contour C, as defined in (1.4)
We will work in R 4 , where the propagators are translationally invariant and investigate the behavior of W C under conformal transformations that take the closed contour C toC. We will compare W C to
We could instead compare the gauge theory on R 4 to the theory on S 4 . In the latter we would use propagators that transform covariantly under inversions. Those were studied in [7] , and are related to the Feynman gauge propagator by a singular gauge transformation. The two computations turn out to be equivalent.
Quadratic term
Let us look at the first non trivial term in the expansion of the Wilson loop and comparẽ A 1 to A 1 . First consider the behavior of the propagators under a large conformal transformation. In particular we shall examine the behavior under an inversion about the origin.
All other large conformal transformations can be gotten by a combination of an inversion and small conformal transformations. under inversion the scalar propagator
Taking into account the fact that under inversion |ẋ| → |ẋ|/x 2 , the one scalar exchange contribution 6) to the Wilson loop, is invariant under inversion. However, if this was the only term we would have to introduce a ultraviolet cutoff to render the integral finite, and this could spoil the conformal invariance. Indeed, the Wilson loop in a non supersymmetric theory exhibits a perimeter law in perturbation theory
which is definitely not invariant under conformal transformations. But the inclusion of both the scalars and the gluons in the Wilson loop exactly cancels this divergence [6] .
The story with the gauge fields is more complicated, since under inversion a vector field (of dimension one) transforms as
This can easily be derived by noting that 9) so that if Φ is a dimensionless scalar field that transforms as Φ(x) = Φ(x), then the dimension one vector field, ∂ µ Φ(x), will transform as above.
Thus the gluon propagator transforms as
We shall work, for convenience in Feynman gauge:
Since the modification of the gluon contribution is a total derivative, which is equivalent to a gauge transformation, one might conclude that the inversion is a symmetry of the Wilson loop. This would be the case, except that the gauge transformation in (2.12) has potential singularities. We must therefore reexamine the proof of gauge invariance of the perturbative expansion and see whether it fails.
We are evaluating the integral
. (2.13) (Here we have included the contribution from the color indices that gives a factor of
.) There are two potential singularities that we encounter when doing the x 1 integral, at x 1 = x 2 , and at x 1 = 0. The second singularity only occurs if the point x µ = 0 lies on the contour C. To examine the behavior at the singularities we introduce a cutoff ǫ.
First, consider the case where x µ = 0 lies on the contour C. The contribution from
Here ǫ is an infinitesimal vector tangent to the loop at the origin. To perform the x 2 integral, we notice that for large x 2 the integrand is of order ǫ, the integrand can therefore be regarded as a delta function concentrated at x 2 = ±ǫ. A similar term arises from regularizing the singularity at x 1 = x 2 , which is also zero for x 2 far from the origin. So the only contribution comes from the point x 1 = x 2 = 0.
To find the contribution from the singular point one can use the expression
to find thatÃ
On the other hand if x µ = 0 does not lie on the contour C the integral is not singular enough and it vanishes. Thus in this caseÃ 1 − A 1 = 0. Therefore we conclude that under inversion through the origin the quadratic contribution to the Wilson loop is invariant if the original loop does not pass through the origin. Such an inversion transforms a closed contour into another closed contour. On the other hand if C passes through the origin the transformed Wilson loop (C) is now extended to infinity, it is a open Wilson line that only meets at the point at infinity. In this case, to quadratic order,
A safer route to the same result is to evaluate the modification to the propagator (2.11) directly, and not use integration by parts. That way one does not encounter any singularities. Let us do this for the two simplest examples. First we look at a circle passing through the origin
Under inversion this is mapped to the straight line:
(1, tan(s/2)). For this contour the modification of the gluon propagator contributes toW the amount
which, when integrated over the circle, gives the result of (2.16).
It is even simpler to take a straight line that does not pass through the origin x(s) = (1, s). Under the inversion it is mapped to a circle, of radius 1/2 whose origin is at (1/2, 0), and the point at infinity is mapped to the origin. Therefore we expect a contribution from the point at infinity that is exactly opposite to the previous calculation. Indeed
Finally, we note that the calculation of the quadratic piece of the Wilson loop in the case of the circle and the straight line, which are related by an inversion through the origin, is easy to do directly. For the straight line we automatically get zero, since for a straight lineẋ
Thus for a straight line the sum of the gluon and scalar propagators vanishes. The reason for this triviality is the BPS nature of our Wilson loop, which for a straight line ensures that there are no contributions to any order in λ. In the case of the circle the propagators do not cancel, but their sum is a constant, since (for |x| = |ẋ| = 1)
Explicitly, for the circle in (2.18)
So we have learned that to quadratic order the difference between the Wilson loop along an open lineC and along the closed contour C gotten by an inversion through the origin is
In the case of the straight line WC = 0 and W C = λ/8. In the following we shall generalize the evaluation of the circle and the relationship (2.24) to all orders in λ.
The circle to all orders
It is simple to generalize the calculation of the circle to arbitrary order in perturbation theory. This is because the circle is related by an inversion to the straight line, and the straight line receives no corrections to any order (since it is BPS). So we start with a straight line contour C (say x(s) = 1 2
(1, tan(s/2))). The Wilson loop along this contour is identically equal to one because of supersymmetry. We saw this explicitly to leading order, but the triviality holds to all orders. When we perform the inversion we will get the Wilson loop along the circle, expressed, diagram by diagram, in terms of the diagrams for the straight line loop with the gluon propagators modified according to (2.11) . Of course, in addition to propagators and vertices involving the scalars and gluons we will also have to include ghosts-however these, like the scalars, transform covariantly under the inversion.
The modifications of the gluon propagators is of the form of a gauge transformation. Where it not for the fact this gauge transformation is singular it would have no effect on any of the diagrams of a given order-the boundary terms that one would encounter upon integrating these total derivatives by parts would cancel order by order. This is the regular statement of gauge invariance of the perturbative expansion. Indeed in our case we do not even have to worry, in making these arguments, about the usual short distance singularities that in most theories require regularization and renormalization since the N = 4 SUSYM theory is finite when all the diagrams of a given order are included.
However, because of the singularities that occur in the modified propagator at the origin, the point about which the inversion is done, there is another boundary contribution, namely when and only when both ends of a single propagator hits the origin (or the point at infinity). As we saw above, by introducing a cutoff ǫ, when one end of the propagator hits the origin (or the point at infinity), the resulting modification to the propagator is of order ǫ unless the other end of the propagator also hit the origin. Thus it behaves like a one-dimensional delta-function that contributes a finite amount when the other end of the propagator is integrated over the loop. Therefore when both ends of a single propagator approach the origin (or the point at infinity) we get a constant factor of −1/8 (1/8).
One should worry about contributions when the other end of the propagator is on an internal vertex that approaches the origin. We think that at least for the N = 4 theory those graphs will not contribute, but we were unable to prove that. By using the same regularization as above, it is easy to see that the contribution, if any, would come only when all the connected part of the diagram collapses to that point. This means that it can be described by an interaction term in the matrix model. An explicit calculation [1] shows that there is no term of order g 4 . It would require a better regulator and a more careful calculation to show that the interaction terms vanish to all orders. The remarkable agreement between our results and the AdS calculation suggest that there are no interactions. In the remainder of the paper we will assume that indeed all the interaction terms vanish, and will provide evidence for that from the comparison to string theory in AdS.
So, ignoring interactions, if we integrate by parts all of the modified gluon propagators we will get non vanishing contributions from single propagators that are not Regardless of the rest of the diagram, the anomaly is dependent only on the vicinity of the inversion point and since it lives at one point, is given by the matrix model expression.
attached to other parts of the diagram when both ends of a single propagator approach the origin (or the point at infinity). These will yield constant factors times the rest of the diagram, as is illustrated (for a circle) in Fig. 1 . But the sum of the rest of the diagrams (to any given order) vanishes in the case of the straight line. Therefore the calculation of the straight line Wilson loop, with modified gluon propagators, reduces to summing all graphs with just noninteracting modified gluon propagators. Each such modified propagator will give a factor as in (2.20). We simply have to add all these terms.
Alternatively we can argue that since the sum of the ordinary gluon and scalar propagators vanishes, we can add these as well. This then is inverted to the Wilson loop for a circle, where we should sum the Feynman diagrams of a non-interacting theory of scalars and vectors. This is a simple calculation to perform, since as we have seen-in the case of the circle-the sum of the gluon (in Feynman gauge) and scalar propagator contributions is a constant (see 2.23). Since each propagator just yields a constant we can perform the sum, and account for the factors of N, by doing the calculation in a 0-dimension field theory, namely a matrix model. This leads to the expression
In the Appendix we shall show that this integral can be calculated exactly, in an expansion in powers of 1/N 2 . The result is (where
To leading order in 1/N we recover the result 27) in agreement with [1] , where the leading, noninteracting, rainbow graphs (the leading large N graphs) were summed.
Our result is based on a perturbative expansion, but we do not expect corrections due to instantons. We found that the only contributions are from diagrams collapsed to the point of inversion, and since instantons are smooth objects, the singular graphs have measure zero, and will not contribute.
Arbitrary loops
As was explained in the preceding section, the contribution to the circular Wilson loop can be localized near a single point. Going from the straight line to the circle, the contribution is from the point at infinity. Since the calculation can be pushed to one point, one would expect that it does not depend on the shape of the curve. Indeed we will see that for any smooth closed curve C and the open curveC related to it by a conformal transformation the appropriate Wilson loops satisfy
We will prove this equation below by comparing Feynman diagrams of the two Wilson loops.
First, we will explain one feature of (2.28), the fact that the left hand side has a single trace, while the right hand side has two traces-over exp (M) and over the open Wilson loop. The reason for this factorization is that the SUSYM fields and the matrix M are independent variables. In general, for two independent Hermitean matrices A and B with independent U(N) invariant measures µ(A),μ(B),
with arbitrary unitary U, V . Since they are independent, W = U V † can take any value in U(N), and we can integrate over it
Using this result
The proof for a general loop is again diagrammatic, order by order in perturbation theory. We write the loops again as
Let us look at a certain diagram Γ of W C at order g 2n which contributes to A n , and assume it has k vertices on the Wilson loop.
There is a similar diagramΓ contributing to the coefficientÃ n ofWC. Those two diagrams are not equal to each other, rather Γ is equal toΓ if we replace the gluon propagator by the modified propagator (2.11). Thus Γ is equal toΓ plus total derivatives. See Fig. 2 .
Exactly as in the case of the circle, the total derivatives terms will cancel unless they hit the origin. When one end hits this point the resulting expression is proportional to a one dimensional delta-function, forcing the other end to the origin.
So consideringΓ with l boundary to boundary propagators replaced by the total derivatives will give a contribution from the singular point times the rest of the diagram Γ ′ , as in Fig. 3c . We find the same sub diagramΓ ′ by replacing propagators by total derivatives in other graphs, as illustrated in Fig. 3d .
Summing all of them we see that the total derivative contribution is exactly the matrix model expression as before. From the example of the circle we know that l total derivatives give the same as the insertion of b. a. a conformal transformation, and the two diagrams differ by total derivatives the argument above (2.30), the trace breaks in two. Therefore we see that A n is equal toÃ n plus matrix model corrections
The crucial point in the proof is that the total derivative part of the graphs (the matrix model) totally decouple from the rest of the graph. The total derivatives live within an infinitesimal distance from the origin. It is a set of measure zero for any other part of the graph to be in that vicinity, and since the loop is smooth, and the theory is finite, this set of measure zero does not contribute.
The above argument is true for all N, not just planar graphs. Again, one has to note that if the matrix model part has genus p and the rest of the graph is at genus q, the total genus is p + q, since those two graphs are totally separated. Also, we assumed here that the matrix model is quadratic, but the statement would be correct regardless of that. Even if the interactions don't vanish, to get a contribution, the entire part of the diagram with interaction has to collapse to the singular point. It would still give a matrix model contribution times the rest of the graph. 
The Comparison with String Theory
The AdS/CFT [2] correspondence allows one to calculate the expectation value of Wilson loops in N = 4 SUSYM for large λ from minimal surfaces in AdS space [3, 4] . We will now compare our calculation of the ratio of Wilson loops that are related by inversion, as well as the exact expression for a circular Wilson loop, to string theory calculations.
We have shown that a Wilson loop, W C , along a closed contour C passing through the origin, is related to a Wilson loop,WC, along the open line,C, gotten by inverting the contour through the origin, by:
We would like to prove the same statement from string theory. A complete proof is beyond our capabilities, since the calculational tools for string perturbation theory in AdS 5 are still undeveloped. However, we are able to give strong evidence from string theory for this relationship. to leading order in 1/λ = (l s /R) 4 , and to all orders in the string coupling, g s = λ/(4πN) , for arbitrary smooth loops!
Circular loops
For circular loops we can perform a precise test of the AdS/CFT correspondence, since we have derived an exact expression for the circular Wilson loop for all λ and N. In string theory, to a given order in 1/N 2 , we expect that the Wilson loop should be given by
where S p is the action for a minimal surface ending on the circle with p handles and f (λ) would be calculated by evaluating the fluctuations about the minimal surface in powers of α ′ (or l s /R, or equivalently 1/λ 1/4 ).
The minimal area surface to leading order in 1/N 2 can be constructed analytically and yields S 0 = − √ λ, it is a smooth, geodesic surface. To higher order in 1/N 2 we need to find the minimal area surface with handles. It is intuitively obvious that the best we can do is to attach degenerate handles that have no area to the above surface. This is not a smooth surface, but it is the limit of smooth surfaces and has the minimal possible area.
1 If this is the case then S p = S 0 = − √ λ.
To do better than this one would need to evaluate the stringy fluctuations about the minimal surface, in an expansion in α ′ . This is beyond our capabilities. However, we can determine the overall power of the inverse coupling, 1/(l s /R) that multiplies e −S . We claim that
3)
The factor of 1/p! arises since the handles are indistinguishable. We give two arguments for the power of λ in this expression. The string coupling is g 2 s ∼ λ 2 /N 2 , but in addition one has to be careful the contribution of zero modes. The dimension of the moduli space of surfaces of genus p with one boundary is 6p − 3. Since the relevant surfaces are degenerate we have to impose two real constraints for each handle, in addition to the overall 3. Each constraint gives a power of λ An equivalent calculation comes from the low energy effective supergravity, the degenerate handles are the same as the exchange of supergravity modes. In [5] the exchange of fields between two widely separated surfaces was calculated. One can redo their calculation for the case at hand, the self interaction of the surface ending on a circle. In their case the coupling of the Kaluza-Klein modes is proportional to 1/N 2 and the integration over each of the surfaces gives a measure factor of √ λ.
Therefore the result for well separated surfaces was proportional to λ/N 2 . For calculating the self interaction of a single surface we have to use the propagator at short distances, which, in 5 dimensions, has a cubic divergence. Integrating over the surface leaves a linear divergence, which should be cut off at the string scale, giving an extra factor of R/l s ∼ λ 1/4 . In addition we should sum over all the KK modes, again imposing a cutoff-the angular momentum cannot exceed R/l s . This gives the final result λ 3/2 /N 2 for each handle.
This power of λ is also confirmed by the S-duality argument in the following section.
We can now compare this with the gauge theory result, W circle = F (λ, N). In Appendix B we examine the large λ behavior of the 1/N 2 expansion of F (λ, N). We show that, order by order in the 1/N 2 expansion, this function behaves, for large λ, as:
(3.5) Thus we find precise agreement with the string theory calculation, order by order in 1/N 2 , to leading order in 1/λ !
S-duality
Another very strong test of this expression comes from checking its region of validity.
2
Clearly both the AdS expression (3.3) and the matrix model result (3.5) are valid for λ ≫ 1. If we ignore the 1/ √ λ correction the matrix model gives
Thus the approximation W circle ∼ exp √ λ is valid as long as 1 ≪ λ ≪ N 2 . The AdS expression is valid only for λ ≪ N, or else string theory is strongly coupled. For λ ≫ N we should perform an S-duality transformation. Under S-duality the Wilson loop turns into an 't Hooft loop of the dual theory described by a D1-brane. The action for this configuration is given in terms of the dual couplingsg s = 1/g s andλ = λ/g 2 s W circle dual string ∼ exp λ
So the dual D1-brane has the same action as the original fundamental string. This dual description is valid as long asλ ≫ 1, or λ ≪ N 2 . We see, therefore, that the range of validity of the two calculations is identical! This can be regarded as another test of the matrix model expression, and in particular the power of λ accompanying the 1/N 2 corrections. But it should also be considered a test of S-duality in N = 4 SUSYM. The matrix model is valid for all values of g, and with the replacement g → 4π/g it gives the value of the 't Hooft loop, which is confirmed by the AdS calculation.
Arbitrary loops
This story can be generalized, to some extent, to arbitrary loops. Indeed, a version of this statement for large λ and to lowest order in g s was made in a footnote in [8] . As shown in [6] , the expectation value of the Wilson loop to leading order in the α ′ expansion, is 8) where the action, S, is a Legendre transform of the area of the surface in AdS 5 whose boundary is the loop contour. The Legendre transform removes (for a smooth loop) the divergence in the area. For smooth loops the Legendre transform is equal (asymptotically) to the extrinsic curvature of the boundary κ. Then we can use the Gauss-Bonnet theorem to write the action for the minimal area as:
where R (2) is the induced metric and χ the Euler number of the surface (given by this integral expression). It is easy to see that R (2) approaches −2 near the boundary of AdS, so the integral on the right hand side is manifestly convergent.
The action integral is invariant under isometries of AdS including conformal transformations. Since it is manifestly convergent, it is invariant also if the conformal transformation takes a point from finite distance to infinity, or vice versa. What does change in the latter case is the topology of the surface. The Euler number is one for the disc, the appropriate world sheet for a closed Wilson loop W C . But for the open Wilson loopWC the world sheet is the half plane with Euler number zero. Therefore
In fact this statement can be generalized to any order in the string coupling, or the 1/N 2 , expansion. This is clearly the case if the minimal surface at higher genus is gotten by adding degenerate handles to the surface of lower genus-the handles do not change the action. But the proof does not require this assumption. To order 1/N 2p the relevant surface bounding the closed contour is topologically a disk with p handles, for which χ = 1 − 2p, whereas the surface bounding the open contour is a half plane with p handles, for which χ = −2p. Consequently, to any order in 1/N 2 and for large λ, we expect from string theory that:
This is precisely what we find in the gauge theory from (3.1), using the result proved in Appendix B that, to any order
for large λ. Thus (3.1) is true to leading order in 1/λ.
Understanding the 1/ √ λ corrections is more difficult, since we cannot even calculate the expectation value of an arbitrary open loop. Still, the string theory argument leading to (3.3) is general and should apply to any closed curve (as long as there are no new smooth classical solutions at high genus). Therefore we might expect that:
This might look surprising, given that the corresponding open loop WC is not one. The reason that it works is that the open loop asymptotes to a straight line, so it differs significantly from the BPS straight line only over a compact region. We can expect that the leading behavior of the asymptotically straight line and the true straight line would be the same. If a genus p surface is gotten by adding p degenerate handles, then there is a large probability that they will be attached within the asymptotically straight part of the world sheet, where they will not contribute because of supersymmetry. Therefore, for most of the volume of the moduli space, we will get no enhancement and we might conjecture that to order 1/N 2p :
Under these assumptions, the relation derived from the gauge theory,(3.1), will agree with the string theory to all orders in 1/N 2 for large λ, since respectively. In terms of the matrix model it is clear that
The first case, that of doubly wound loop, is very simple. Scaling M → M/2, we see that the result is the same as the single circle with λ → 4λ, thus
In the case of the squared singly wound loop we follow the same steps as in Appendix A:
The first integral is, up to a factor of 1/N, the same as W 2 . The second can be evaluated by expressing, as in Appendix A, the Vandermonde determinant, ∆ 2 (m i ), in terms of Hermite polynomials, as
(m+m ′ ) .
(4.4) The above integrals can then be done, with the final result being
One of the sums in (4.5) can easily be done and the result compared with string theory for large λ. It is trivial to reproduce the correct semiclassical action and it would be interesting to try to account for the factors of λ as well. A similar analysis can be carried out, with increased complication, for loops wound any number of times around the circle. In fact, it does not have to be the exact same circle, one gets the same result from arbitrary loops that are tangent to each other at one point. Under an inversion around the common point they are mapped to a collection of parallel lines which is also a BPS configuration.
These Wilson loops correspond to the most general observables of the matrix model, 6) and can be used, following the discussion in ( [11] , [12] ), to evaluate the expectation values of Wilson loops in definite representations of U(N). We postpone this analysis for elsewhere.
Conclusions
In this paper we have extended, generalized and outlined a proof for the result of Erickson, Semenoff and Zarembo [1] on the value of the circular Wilson loop in N = 4 SUSYM. We showed that the expectation value of a circular BPS-Wilson loop in N = 4 SUSYM is determined by an anomaly in the conformal transformation that relates the circular and straight-line loops. As such it can be calculated exactly, to all orders in a 1/N 2 expansion and to all orders in g 2 N. A similar relation was derived between the expectation value of any closed smooth Wilson loop and the loop related to it by an inversion that takes a point along the loop to infinity. Using the AdS/CFT duality, this result yielded a prediction of the value of the string amplitude with a circular boundary to all orders in α ′ and to all orders in g s . We then compared this result with string theory, and found that the gauge theory calculation, for large g 2 N and to all orders in the 1/N 2 expansion does agree with the leading string theory calculation, to all orders in g s and to lowest order in α ′ .
We proved that the anomaly is given by a matrix model, but we leave for future work to complete the proof that all interactions vanish and the matrix model is indeed quadratic. The agreement with the AdS calculation is a very strong indication that the quadratic matrix model is correct, at least for the N = 4 theory. In principle the anomaly in other conformal field theories could be described by a more complicated matrix model. This agreement is remarkable. It is a test of the AdS/CFT correspondence in the regime of strong gauge coupling (small α ′ ) and to all orders in 1/N 2 , the string coupling. The result even extends to the S-dual region where the fundamental string is replaced by a D1-brane. This gives strong evidence for the validity of the conjectured AdS/CFT correspondence.
All the calculations in this paper were done for gauge group U(N), but the generalization to SU(N) is trivial. We write the Hermitean matrix M as the sum of a traceless part and the trace times the unit matrix
In string theory the difference between SU(N) and U(N) corresponds to the inclusion of some fields that do not have local dynamics, but can be gauged to infinity. In any case the difference is subleading in both N and λ, so it has no consequence on our discussion of the leading behavior for large λ, order by order in 1/N 2 .
It would be very interesting to try to understand the α ′ corrections to the minimal surface calculation in AdS, in order to compare our exact result with string theory. Consider the leading N = ∞ prediction for the circular Wilson loop. Using the asymptotic expansion of the Bessel function, we can write the expectation value of the circular loop as :
2) The challenge is to reproduce, in an α ′ expansion, the asymptotic expansion given in (5.2). Note that this asymptotic expansion is not Borel summable. The terms behave
, to order k. it would be interesting to understand this from the point of view of the world sheet theory. The non-Borel summability, as well as the second term in (5.2), might indicate that there is an instanton contribution to the world sheet amplitude.
Finally, it is interesting that the string theory with a circular boundary is described by the Hermitean matrix model. This model is related to non-critical string theory with c = −2 [10] . Here it yields a particularly simple observable of the critical superstring theory in the AdS background. It is conceivable that one could derive the matrix model representation of the string amplitude directly, without having to use the duality to gauge theory.
A Matrix Model Calculation
We wish to evaluate
First, we do the angular integrations, to rewrite the integral in terms of the eigenvalues of M:
}] is the Vandermonde determinant, and we have rescaled the m i absorbing the normalization into Z. Now we use the standard trick, [9] , of rewriting this determinant in terms of orthogonal polynomials. It is clear that, in evaluating the determinant of the matrix {m So we choose the polynomials to be the orthonormalized Hermite polynomials (with respect to the measure dx exp(−x 2 )) where b k (n) is a polynomial in n of rank 3k. It is also easy to see that b k (n) = 0 for n = 0, 1, 2, . . . , 2k − 1. We can therefore expand these polynomials in terms of the k polynomials, (n + 1)!/(n − 3k + 1 + i)!, that vanish for n ≤ 2k − 1: The advantage of this expansion is that when we plug (B.3) into the expression, (A.8), for F (λ, N) the sum over n, order by order in 1/N 2 , can easily be performed to derive: 
